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ABSTRACT. Given a unital C*-algebra A, an injective endomorphism a: A — > A preserving the unit, and a conditional expectation 
E from A to the range of a we consider the crossed-product of A by a relative to the transfer operator C = a~ 1 E. When E 
is of index-finite type we show that there exists a conditional expectation G from the crossed-product to A which is unique 
under certain hypothesis. We define a "gauge action" on the crossed-product algebra in terms of a central positive element h 
and study its KMS states. The main result is: if h > 1 and E(ab) = E(ba) for all a,b E A (e.g. when A is commutative) then 
the KMSjj states are precisely those of the form tfs = 0° G, where is a trace on A satisfying the identity 

4>{a) = <j>(C(h- ind(E)a)), 
where ind(E) is the Jones-Kosaki-Watatani index of E. 



1. Introduction. 

In [E2] we have introduced the notion of the crossed-product of a C*-algebra A by a *-endomorphism a, 
a construction which also depends on the choice of a transfer operator, that is a positive continuous linear 
map C : A — > A such that C(a(a)b} = aC(b), for all a, b £ A. In the present work we treat the case in which 
a is a monomorphism (injective endomorphism) and C is given by C = aT x °E, where E is a conditional 
expectation onto the range of a. 

The first of our main results (Theorem 4.12) is the solution to a problem posed in [E2]: we prove that 
the canonical mapping of A into A x Qj £ N is injective. The main technique used to accomplish this is based 
on the celebrated "Jones basic construction" [J], as adapted to the context of C*-algebras by Watatani [W]. 
In order to briefly describe this technique consider, for each n £E N, the conditional expectation onto the 
range of a n given by 

E n =a n {Eor x )...(Eor l )E. 

" v ' 

n times 

Let IC n be the C*-basic construction [W : Definition 2.1.10] associated to £ n and let e n be the standard 
projection as in [W: Section 2.1]. We are then able to find a simultaneous representation of all of the K. n in 
a fixed C*-algebra. Since ICq = A we then have that A is also represented there and we find that e„ + i < e n 
for all n. 

Letting % be the C*-algebra generated by the union of all the /C n we construct an endomorphism (3 of 
which is not quite an extension of a but which satisfies (3(a) = a(a)e\ and /3(e„) = e n +i- 

It turns out that the range of /3 is a hereditary subalgebra of and hence we may form the crossed- 
product ^ x^N. We then prove that A x a ,£N is isomorphic to ^ xi^N (Theorem 6.5). 

Crossed-products by endomorphisms with hereditary range are much easier to understand. In particular 
it is known that ^ embeds injectively in ^ x ^ N and hence we deduce that A is faithfully represented in 
A x Q ,£ N as already mentioned. 
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Another consequence of the existence of an isomorphism between <% Xp N and A x Qj £ N is that we get 
a rather concrete description of the structure of A xi a ,c IN and, in particular, of the fixed point subalgebra 
for the (scalar) gauge action, namely the action of the circle on A x a x IN given by 

j z (S)=zS, and j z (a) = a, V a e A, VzeS 1 , 

where S is the standard isometry in A y\ a ,C N. That fixed-point algebra, if viewed from the point of view of 
% X/3 N, is well known to be exactly *% (see [M: 4.1]). 

Given an action of the circle on a C*-algebra there is a standard way to construct a conditional expec- 
tation onto the fixed-point algebra by averaging the action. It is therefore easy to construct a conditional 
expectation from A x Qj £ N to *% ' . The existence of a conditional expectation onto A, however, is an entirely 
different matter. 

Our second main result (Theorem 8.9) is the construction of such a conditional expectation under the 
special case in which E is of index-finite type [W: 1.2.2]. Precisely we show that there is a (unique under 
certain circumstances) conditional expectation G : A y* a ,c N — > A such that 

G(aS n S* m b) = SnmOl^b, Va, b G A, Vn, m e N, 

where 5 is the Kronecker symbol, 

I n = ind(E)a(ind(E)) . . . a"" 1 (ind(E)) , 

and ind(E) is the index of E defined by Watatani in [W: 1.2.2], generalizing earlier work of Jones [J] and 
Kosaki [K]. 

Our third main result (Theorem 9.6) is related to the KMS states on A » a ,c^ f° r the one-parameter 
automorphism group a of A xi a ,c N specified by 

a t (S)=h u S, and a t (a) = a, V a 6 A, 

where h is any self-adjoint element in the center of A such that h > cl for some real number c > 1. Under 
the hypothesis that E is of index-finite type, and hence in the presence of the conditional expectation G 
above, and also assuming that E(ab) = E(ba) for all a, b 6 A (e.g. when A is commutative), we show that 
all KMS states on A y> a ,c N factor through G and are exactly the states ip on A y\ a ,c N given by ip — <j> ° G 
where is a trace on A such that 

4>{a) = <t)(C(h- f3 ind(E)a)) 

for all a 6 A We also show that there are no ground states on A x a ,£ N. 

We conclude with a brief discussion of the case in which A is commutative and show that the KMS 
states on A x Q .£ N are related to Ruelle's work on Statistical Mechanics [Rl], [R2]. 

A word about our notation: most of the time we will be working simultaneously with three closely 
related algebras, namely the "Tocplitz extension" &(A, a, £), the crossed-product A x Q .£ N, and a concretely 
realized algebra f x^N. The features of each of these algebras will most of the time be presented side by 
side, e.g. each one will contain a distinguished isometry. In order to try to keep our notation simple but easy 
to understand we have chosen to decorate the notation relative to the first algebra with a "hat" , the one for 
the third with a "check", and no decoration at all for A x Qj £N which is, after all, the algebra that we are 
most interested in. For example, the three isometries considered will be denoted S 7 S, and S. 

We would like to acknowledge helpful conversations with Marcelo Viana from which some of the intuition 
for the present work developed. 
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2. Crossed products. 

Throughout this section, and most of this work, we will let A be a unital C*-algebra and a : A — > A be an 
injective *-endomorphism such that a(l) = 1. It is conceivable that some of our results survive without the 
hypothesis that a be injective but for the sake of simplicity we will stick to the injective case here. 

The range of a, which will play a predominant role in what follows, will be denoted by 1Z and we will 
assume the existence of a non-degenerate 1 conditional expectation 

E-.A^Tl 

which will be fixed throughout. As in [E2:2.6] it follows that the composition C := oT x E is a transfer 
operator in the sense of [E2: 2.1], meaning a positive linear map C : A — > A such that C(a{a)b) = aC(b), for 
all a,be A. 

According to Definition 3.1 in [E2] the "Toeplitz extension" &(A, a, C) is the universal unital C*-algcbra 
generated by a copy of A and an element S subject to the relations: 

(i) Sa = a(a)S, and 

(ii) S*aS = C(a), 

for every a G A. As proved in [E2: 3.5] the canonical map from A to £?{A, a, C) is injective so we may and 
will view A as a subalgebra of &(A, a, £). 

Observe that, as a consequence of the fact that a preserves the unit, we have that 1 G 1Z and hence 
that C(l) = a- 1 ^!)) = 1. It follows that 

5*5 = 5*15 = C{1) = 1, 

and hence we see that 5 is an isometry. 

Following [E2: 3.6] a redundancy is a pair (a, k) of elements in ^(A, a, C) such that k is in the closure 
of ASS* A, a is in A, and 

abS = kbS, VbeA. 

2.1. Definition. [E2: 3.7] The crossed-product of A by a relative to £, denoted by A » a ,c IN, is defined to 
be the quotient of &(A, a, C) by the closed two-sided ideal generated by the set of differences a — k, for all 2 
redundancies (a, k). We will denote by q the canonical quotient map 

q: ?{A,a,C) ^ A x Q ,£ N, 

and by 5 the image of 5 under q. 

2.2. Lemma. Given n,m 7 j,k G N and a,b,c,d <G A let x,y G &{A, a,C) he given by x = aS n S* m b and 
y = c&S* k d. Then 

= f aa n (£ m (bc))S n - m+ 3S* k d, if m < j, 
Xy \aS n S< m -i+Va k {D{bc))d, ifm>j. 

Proof. If to < j one has 

xy = aS n (S* m bcS m )S 3 - m S* k d = aS n C m {bc)&- m S* k d = aa n (C m {bc))S n+j - m S* k d. 
On the other hand, if m > j one has 

xy = aS n S* {m - : > ) (S* : >bcS : > )S* k d = aS n S< m - j) C? \bc)S* k d = aS n S* {rn - 1+k) a k (C 3 (bc))d. □ 
As a consequence we have: 

1 A conditional expectation E is said to be non-degenerate when E(a*a) = implies that a = 0. 

2 We should remark that in Definition 3.7 of [E2] one uses only the redundancies (a, k) such that a g AR.A. But, under the 
present hypothesis that a preserves the unit, we have that 1 £ TZ and hence AR.A = A. 
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2.3. Proposition. £?(A, a, C) is the closed linear span of the set X = {aS n S* m b : a,b G A, n,m G N}. 

Proof. By (2.2) we see that the linear span of X is an algebra. Since it is also self-adjoint and contains 
A U {S} the result follows. □ 

There are may results for &(A, a, C) which yield similar results for A » a ,c N simply by passage to the 
quotient, such as (2.2) and (2.3). Most often we will not bother to point these out unless it is relevant to 
our purposes that we do so. 



3. Gauge action. 

In this section we will describe certain one-parameter automorphism groups of &(A,a,C) and Axi a .c¥l 
relative to which we will later study KMS states. 

3.1. Proposition. Given a unitary element u in 3? (A) (the center of A) there exists a unique automorphism 
a u of &(A,ct,£) such that 

cf u (S) = uS, and cr u (a) = a, Va G A. 

Moreover a u (Ker(q)) = Kcr(q) and hence o u drops to the quotient providing an automorphism cr u of 
A xi a , c N such that 

o~ u (S) = q(u)S, and er u (a) = a, Va G A. 
If v is another unitary element in £tf(A) then & u a v — a uv . 
Proof. Let S u — uS and observe that for every a in A one has 

S u a = uSa = ua(a)S = a(a)uS — a(a)S u , 

and 

S*aS u = S*u*auS = S*aS = C(a). 

From the universal property of 2F(A, ct,C) it follows that there exists a unique *-homomorphism a u : 
&{A,a,C) — ► &(A,a,C) such that <r u (a) = a, for all a G A, and & U (S) — S u . Given v as above no- 
tice that 

o- u Pv(S) = 6- u (vS) = a u (v)a u (S) = vuS = uvS = & UV (S), 

and that a u a v (a) = a, for all a G A. Thus u u g v — a uv . It follows that & u -i is the inverse of a u and hence 
& u is an automorphism. 

Let (a, k) be a redundancy. Then 



6- u {k) G a u (ASS*A) = AuSS*u*A = ASS* A. 

For every 6 in A we have 

6- u {k)bS = 6- u (k)bu^ 1 uS = a u (kbu^ 1 S) — a u (abu^ 1 S) = abS, 

so (a, a u (k)) is also a redundancy and it follows that a u (a — k) G Kcr(q) and hence that a u (Ker(q)) C Ker(q). 
Since the same holds for a u -i we have that Ker(q) C a u (Ker(q)). □ 

Let h G 3f(A) be a self-adjoint element such that h > cl for some real number c > 0. For every tel 
we have that h lt is a unitary in £??(A) and hence defines an automorphism & h it by (3.1) which we will denote 
by &f. Again by (3.1) we have that a^&g — 6-' t l +s so that a h is a one-parameter automorphism group of 
&(A, a, C) which is clearly strongly continuous. 

3.2. Definition. Both the action a h defined above and the action a h of 1R on A xi a ,c N obtained by passing 
a h to the quotient will be called the gauge action associated to h. 
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When h is taken to be Neper's number e we have that <j' t l (S) — e lt S, so the gauge action is periodic 
with period 2n and hence defines an action 7 of the unit circle on ^(A, a, C) such that 



%(S) = zS, and %(a) 



VaeA, VzeS 1 . 



3.3. Definition. Both the action 7 defined above and the action 7 of the circle group on A ~A a ,C N obtained 
by passing 7 to the quotient will be called the scalar gauge action. 

We will later be interested in the fixed point algebra for the scalar gauge action so the following result 
will be useful: 

3.4. Proposition. Let B be a C*-algebra with a strongly continuous action 7 of the circle group. Suppose 
that B is the closed linear span of a set {xi : i E 1} such that for every i e I there exists rij £ Z such that 
7 2 (xi) = z ni Xi for all z G (D. Then the fixed point algebra for 7 is the closed linear span of {xi : rij = 0}. 

Proof. It is well known that the map P : B — > B given by 

p ( a ) = / lz{a)dz 
Js 1 

is a conditional expectation onto the fixed point algebra for 7. By direct computation it is easy to see that 
P(xi) = when m 7^ and P(xi) — Xi when rii = 0. 

Given a fixed point b and e > let {Xi}i be a family of scalars with finitely many nonzero elements 
such that ||6 — XiXi\\ < e. It follows that 



E 

iei 



XixA 



< 



iei 



< e. 



Therefore b 6 span{xi : rn = 0}. □ 

3.5. Corollary. The fixed point subalgebra of 3?(A, a, £) (resp. A x Q ,£]N) for the scalar gauge action 7 
(resp. 7 J is the closed linear span of the set of elements aS n S* n b (resp. aS n S* n b) for all a,b e A and n € N. 



4. Conditional Expectations and Hilbert Modules. 

In this section we will describe certain conditional expectations and certain Hilbert modules which will be 
used in later sections. For every n € N we shall let lZ n denote the range of ce n . Therefore TZq = A, IZi = 1Z, 
and the TZ n form a descending chain of closed *-subalgebras of A 

A = K Dn 1 DK 2 2 ■■■■ 

Clearly each 1Z n is isomorphic to A under a n . For each n G N consider the map 

E n : TZ n — > Tln+l 

given by E n — a n Ea~ n . It is elementary to verify that each E n is a non-degenerate conditional expectation. 
Likewise, for each n € N, the composition 

is a non-degenerate conditional expectation onto 7£„, which we denote by £ n . By default we let £q be the 
identity map on A and it is clear that Z\ — E = E. 

For future use it is convenient to record the following elementary facts: 
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4.1. Proposition. For every n £ N one has that 

(i) £ n+1 = E n £ n = a£ n a- 1 E, 

(ii) £n+l£n = £n£n+l = £n+l- 

We now need to use a simple construction from the theory of Hilbcrt modules: let B be any C*-algebra 
and let C C B be a sub-C*-algebra. Also let E : B — > C be a non-degenerate conditional expectation. Given 
a right Hilbert £?-module M (with inner-product (•,•)) one gets a C-valued inner-product on M defining 

(x,y) c = E((x,y)), Vx,y£M. 

We shall denote the Hilbert C-module obtained by completing M under the norm ||x||c = || (x, y) c || 1//2 by 
M c . 

We plan to apply this construction in order to obtain a sequence {M n } ne ^, where each M„ is a Hilbert 
7£„-module as follows: let Mo = A viewed as a right Hilbert A-module under the obvious right module 
structure and inner-product given by (a, b) — a*b, for all a and b in A. 

Once M n is constructed let M n+ \ be the TZ n +i -module obtained by applying the procedure described 
above to M„ and the conditional expectation E n . For simplicity we let (• , -) n denote the inner-product on 
M n and by || • ||„ the associated norm. By construction we have that 

A = M C Mi C M 2 C • • • 

where the inclusion maps are continuous and each M n is a dense subset of M n+ \ (with respect to || ■ || n +i)- 
It follows that A is dense in each M n and it is convenient to observe that 

{a, b) n - E n _ x ■ ■ ■ E^oi^b) = £ n {a*b), V a,b E A. 

4.2. Proposition. For every n £ N there exists an isometric complex-linear map ct n ■ M„ — ► M n+ i such 
that a n (a) = a(a) for all a £ A. 

Proof. Given a £ A we have 

(a(a), a(a)) n+1 = £ n+ i(a(a* a)) = a£ n oT x E(a(a* a)) = a£ n (a*a) = a( (a, a) n ). 

This implies that ||a(a)|| n +i = ||a||„ from where the conclusion easily follows. □ 

4.3. Proposition. For every n £ N there exists a contractive complex-linear map C n : M n+ i — > M„ such 
that £ n (a) = C(a) for all a £ A. 

Proof. Using the well known fact that E(a*)E(a) < E(a*a) (plug x := a — E(a) in ll E(x*x) > 0" in order 
to prove it) we have that 

(C(a),C(a)) n =£ n (a- 1 (E(a)*E(a))) < £ n a- 1 E{a*a) = 

= a^ 1 a£ n a~ 1 E(a* a) = a~ 1 £ n+ i(a*a) = a^ 1 ( (a, a) n+1 ) . 

We then have that ||£(a)||„ < ||a||n+i from where one easily deduces the existence of C n . □ 
From now on we will denote by ££(M„) the C*-algebra of all adjointable operators on M n . 

4.4. Proposition. For every n £ N there exists a self-adjoint idempotent e n £ Jz?(M n ) such that e n (a) = 
£ n {a) for all a £ A. 
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Proof. For agi we have 

(£ n (a),£ n (a)) n = £ n (£ n (a*)£ n (a)) = £ n {a*)£ n (a) < £ n {a*a) = (a,a) n . 

Therefore ||£„(a)||„ < ||a||„ and hence the correspondence a \— ► £ n (a) extends to a bounded linear map 
e„ : M n — > M n . For a, b E A we have that 

(e n (a), b) n = £ n (£ n (a)*b) = £ n (a*)£ n (b) = £ n (a*£ n (b)) = (a, e n (b)) n . 

By continuity it follows that (e„(^),ry) = (£, e n (rj)) for all E M n so that e„ is in fact an adjointable 
operator on M n . The remaining assertions are now easy to prove. □ 

It should be remarked that e„ is precisely the projection introduced in [W: Section 2.1] relative to the 
conditional expectation £ n . Therefore Ae n A is the associated reduced C* -basic construction [W : Definition 
2.1.2]. We will soon have more to say about this. 

4.5. Proposition. For every n G N 

(i) C n a n is the identity on M n , 

(ii) ("nCOi^n+i = a ((t,,£n(v)) n ), for aU £ & M n and n G M n+1 , and 

(iii) a n e n C n = e n+1 . 

Proof. With respect to (i) we have for all a E A that 

C n a n (a) = Ca(a) = a^ 1 Ea(a) = a, 

so the conclusion follows by continuity. As for (ii) one has for all a, b E A that 

(a(a),b) n+1 = £ n+1 (a(a*)b) = a£ n a~ 1 E(a(a*)b) = a£ n a~ 1 (a(a*)E(b)) = 

= a£ n (a*C(b))=a((a,C(b)) n ). 
Speaking of (iii), nx a E A and notice that 

a n e n C n (a) = a£ n £(a) = a£ n a~ 1 E(a) = £ n+ i(a) = e n+1 (a). □ 

4.6. Proposition. For each n G N the map 

(3 n : T G JS?(M„) .— > d„T£„ G J2f (M„+i) 
is a wel/ defined *-monomorphism of C*-algebras. 

Proof. For each T G jSf(M n ) it is clear that a n TC n is a bounded complex-linear map on M n . Given 
£, n E M n+ i notice that 

(Mmv) n+1 = (« n T4(6,l} n+1 = a((T4(C),4W)J - 

= a( {C n {C),T*C n {rj)) n ) = (£, a n T*C n (n)) n+1 - <£, /3„(T» n+1 . 

This proves that (3 n (T) is an adjointable operator on M n+1 with (3 n {T)* = (3 n (T*). So n is a well defined 
linear map from jSf(M n ) to Jz?(M n+ i) which moreover respects the involution. Given T, 5 E _£f(M„) we 
have that 

Pn(T)f3 n (S) = a n T£ n a n S£ n = a n TS£ n = /3 n (TS), 
proving that (3 is a *-homomorphism. Suppose that T G jSf(M„) is such that /3 n (T) = 0. Then 

= £ n p n (T)a n = £ n a n T£ n a n = T. 

Therefore /?„ is injective. □ 
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We now need another result from the theory of Hilbcrt modules. 

4.7. Lemma. Under the assumption that E : B — > C is a non-degenerate conditional expectation, and M 
is a right Hilbert B-modulc, there exists an injective *-homomorphism 

$:J? B (M)^J?c(M c ), 

such that $(T)(£) = T(£), for all T G S? B (M), and all £ G M. 

Proof. Let T G JSf B (M). Since T*T < ||T|| 2 one has for all £ G M that 

(t(o,t(o> = (t*t(o,o< imi 2 <e,o- 

Applying E 1 to the above inequality yields 

™,r(0)c<imi 2 «,Oc. 

and hence we conclude that ||T(£)||c < ||T|| ||£||ci so that T is bounded with respect to || • \\c and hence 
extends to a bounded linear map <j>(T) on Mq- We leave it for the reader to verify that $(T) indeed belongs 
to JifciMc) and that the correspondence T i— ► $(T) is a *-homomorphism. 

Given that <j>(T) is an extension of T it is clear that <&(T) ^ when T 7^ 0, so that $ is injective. □ 

Applying the above result to the present situation we obtain an inductive sequence of C*-algebras 

A = if (Mo) J2f(M!) ■ ■ ■ ^ JS?(M„) ^ ■ • ■ 

We temporarily denote the inductive limit of this sequence (in the category of C*-algebras) by B. 

4.8. Definition. We will denote by $ the sub-C*-algebra of B generated by A U {e„: n G N}. 

The following provides some useful information on the algebraic structure of (see also [J] , [W] ) : 

4.9. Proposition. For every n G N one has 

(i) e„+i < e„, 

(ii) e„ae„ = £ n (a)e n = e n £ n (a), 

(iii) the linear span of the set {ae n b : n G N, a, 6 G A} is dense in 

Proof. In order to prove (i) we need to verify that e„ + ie„ = e n+ i or, more precisely, that e„+i$„(e„) = e n+ i 
as operators on M n+ i. Given any aeiC M n+ i we have 

e„+i$„(e„)(a) = e n+ ie n (a) = f„+i£„(o) = f n +i(a) = e„+i(o). 
For all & G A C M„ we have 

e„ae n (b) = £ n (a£ n (b)) = £ n (a)£ n (b) = £ n (a)e n (b). 

This proves that e n ae n — £ n {a)e n . Taking adjoints it follows that e n ae n = e n £ n (a) also. Now let ^ be the 
linear span of the set described in (iii). We claim that it is a *-subalgebra of ^ . Clearly °i/ § is self-adjoint so 
we are left with the task of checking it to be closed under multiplication. In order to see it let a, b,c,d G A, 
and n, m G N. We then have 

(ae n b)(ce m d) = a(e n bce n )e m d = ■■■ 

where we are assuming, without loss of generality, that m> n and hence that e m < e n by (i). Using (ii) we 
conclude that the above equals 

• • • = a£ n (bc)e n e m d = a£ n (bc)e m d, 

which is seen to belong to $0- This proves our claim. It is evident that iCf (because eo = 1), and that 
e n G ^0 for all n. Since ^ is generated by A U {e„: n G N} it follows that Wo is dense in . □ 
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Recalling the maps /3 n constructed in (4.6) we have: 
4.10. Proposition. For each n £ N the diagram 

JS?(M n ) ^> JSf(M„+i) 

fin I I 

JSf(M n+1 ) *^ J?(M n+2 ) 
commutes and hence there exists a unique infective *-endomorphism 

(3: B -> B 

of the inductive limit C*-algcbra B, which coincides with f3 n on each J£(M n ). Moreover 

(i) /3(e„) = e„+i, for aii n £ N, 

(ii) /3(a) = a(a)ei = eia(a), for aJJ nei, 

(iii) ^ is invariant under (3, and 

(iv) /?(#) = ei#ei. 

Proo/. Given T 6 j£f(M„) we have for all a e A that 

$„+i(/3„(T))a = /3„(T)a = a n T£ n (a) = a n T£(a). 

On the other hand 

/3„+i ($ n (T))a = a n+ i<b n (T)£ n+ i(a) = a n+ i$ n {T)£(a) = a n+ iT£(a). 

By checking first on the dense set A C M„ it is easy to see that the following diagram commutes 

M n ^ M n+1 
I I 
M n+1 M n+2 

where the vertical arrows are the standard embeddings. In other words d„(£) = a n +i(£) for all £ G M n . If we 
now plug £ := T£(a) in this identity we conclude that $„+i(/3„(T)) = /3„ + i($„(T)) as desired. Considering 
(i) we have 

/3(e„) = /3 n (e„) = a n e n £ n = e„+i, 

by (4. 5. iii). Given a e A = _Sf(M ), and & e A C Mi, we have 

/3(a)(6) = /3o(a)(6) = doa£o(&) = a(a£(&)) = a(a)a(£(b)) = a(a)E(b) = a(a)e\{b), 

so we see that /3(a) = a{a)e\. Taking adjoints we also have that /3(a) = eia(a), hence proving (ii). It is 
clear that (iii) follows from (i) and (ii). In order to prove (iv) observe that by (ii) we have /3(1) = e\ so it 
must be that /?(#) C ei#ei. 

To prove the reverse inclusion it suffices, by (4. 9. iii), to show that for all a, b e A and n e N one has 
that ei(ae n b)ei G /3(^). Assuming initially that n > 1 notice that 

ei(ae„6)ei = (eiaei)e n (ei6ei) = E(a)eie n eiE(b) = a(£(a))eie n eia(£(fr)) = /?(£(a)e„_i£(&)). 

On the other hand if n = we have 

ei(a&)ei = E(ab)e 1 = a(£(ab))ei = (3{£(ab)). □ 

Recall ([C], [S], [M], [E2:4.4 and 4.7]) that, since /3(#) is a hereditary subalgebra of # by (4.10.iv), 
the crossed product ^ x ^ N is the universal unital C*-algebra generated by a copy of ^/ and an isometry S 
subject to the relation that 

SxS*=/3(x), Vie#. 

It is well known that °l/ embeds injectively in <% x^N (see the remark after Definition 4.4 in [E2], [S: 
Section 2], or [M: Section 2]), so we will view <fy as a subalgebra of ^ Xp N. Since A is a subalgebra of ^ 
we also have that 4cf x^N. 



10 



RUY EXEL 



4.11. Proposition. There exists a *-homomorphism <f) : Ax a xN —> ^ such that </)(S) = S, and 
4>(q(aj) = a, for all a G A, where q is the canonical quotient map from £?(A, a, C) to A yt a ,c IN- 

Proof. It will be useful to keep in mind that e\ = [3(1) = SS*, and hence that e\S = S. Considering the 
natural inclusion of A in fyt notice that for all a £ A one has 

Sa = SaS*S = [3{a)S = a(a)eiS = a(a)S. 

Also 

S*aS = S*e ia e v S = S*E{a)e 1 S = S*E(a)S = S*a(C(a))S = S*SC(a) = C(a). 

It follows from the universal property of £?(A, a, £) that there exists a *-homomorphism <f> : ^(A, a, C) —> 
% y\f3 N which is the identity on A and such that 4>(S) = S. 

Now let (a, k) be a redundancy in &(A, a, C). We claim that a — <f)(k). In order to see this note that 

since k G ASS* A one has that </>(k) G ASS* A = Ae\A. 

For all b G A it is assumed that abS = kbS so that abSS* — kbSS* and hence abe\ = (p(k)bei. Observe 
that all terms occurring in this last identity lie in the algebra generated by A and ei, which consists of 
operators on the Hilbcrt module M\. In particular, considering 1 as an element of M\ we have that 

ab = abei(l) = 0(fc)6ei(l) = 4>(k)b. 

If follows that a and <p(k) coincide on A, which is a dense subspace of Mi, and hence that a — <p(k) as 
claimed. Therefore <p vanishes on the ideal generated by the differences a — k for all redundancies (a, k) and 
hence factors through the quotient yielding the desired map. □ 

We may now answer a question raised in [E2] : 

4.12. Theorem. Let a he an infective endomorphism of a unital C*-algebra A with a(l) = 1 and let C he 
a transfer operator of the form C = a -1 ° E, where E is a conditional expectation from A to the range of a. 
Then the natural map from A to A xs a ,c N is infective. 

Proof. Given that <j>(q(a)) = a, we see that q is injective when restricted to A. □ 
From now on we are therefore allowed to identify A and its image q(A) within A y> a ,c N. 



5. Consequences of Watatani's work. 

Our next main goal will be to prove that the map <f> of (4.11) is in fact an isomorphism. But before we 
are able to attack this question we need to do some more work. We begin by introducing some notation. 
Recalling that S is the standard isometry in &(A, a,£) we will let 

~ on 

c n — OO , 

and tC n be the closed linear span of Ae n A, so that each K, n is a sub-C*-algebra of 3? (A, a, £), as well as an 
A-bimodule. Some elementary properties of the e„ and the IC n are recorded in the next: 

5.1. Proposition. For all n, m G N with n < m one has that 



(ii) /C n /C m — /C m /C n fcm; 

(iii) e n ae n = £ n (a)e n = e n £ n (a), for all a G A, 

(iv) S*JC n+ iS C K n , and 

(v) SIC n C K n+ lS. 
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Proof. The first point is trivial and hence we omit it. Regarding (iii) we have by induction that 
e„+iae n+1 = Se n S*aSe n S* = Se n £(a)e n S* = S£ n (C(a))e n S* = 

= a£ n C(a)e n+ i = a£ n oT x E(a)e n+ i = £ n+l {a)e n+1 . 

This proves that e n ae n = £ n {a)e n and hence also that e„ae„ = e n £ n (a) by taking adjoints. Speaking of (ii) 
notice that 

(Ae n A) (Ae m A) = A(e n Ae n )e m A C A£ n (A) &n&mA — A£ n ( K A*)e m A C /C m , 

proving that K n K, m C K m so that K n K m C fC m . In order to prove the reverse inclusion notice that for all 
a, b E A one has 

ae m b = (ae„l)(le m 6) e 1C n K, m . 

The equality JC m K, n — JC m follows by taking adjoints. Turning now to the proof of (iv) we have for all 
a, b E A that 

S* ae n +ibS = S*aSe n S*bS = L(a)e n L{b) E K, n . 

As for (v) notice that 

Sae n b = a(a)Se n S* Sb = a(a)e n+ ia(b)S E K, n+ \S. □ 
It is now convenient to have in mind the sequence of *-homomorphisms 

&{A, a, C) A x aX N^^^N. 

5.2. Lemma. For each n E N let JC n = q(lC n ), JC n — 4>{K, n ), and e n = q(e n ). Then 

(i) <f>(e n ) = e„, 

(ii) K, n = Ae n A, and 

(iii) JC n = Ae n A. 

Proof. To prove (i) notice that 

0(e„) - <P(q(e n )) = cf>(q(S n S* n )) = S n S* n = (3 n (l) = e n . 

As for (ii) K,„ = q(Ae n A) = Ae n A. Finally K n = 4>{K n ) = 4>(Ae n A) = Ae n A. □ 

Observe that by (5. 2. iii) K n is precisely the reduced C*-basic construction [W: 2.1.2] relative to the 
conditional expectation £ n : A — ► lZ n . 

In trying to prove that the map </> of (4.11) is injective a crucial step will be taken by the following 
important consequence of [W]. 

5.3. Proposition. The following *-homomorphisms are in fact *-isomorphisms 

(i) q ■ K-n —* K-n, 

(ii) 4> : K. n — ► K. n , 

(iii) 4> o q : JC n — > JC n . 

Proof. By [W: 2.2.9] wc have that K. n is canonically isomorphic to the unreduced C*-basic construction 
relative to £ n and thus possesses the universal property described in [W: 2.2.7]. 

Supposing that &(A,a,£) is faithfully represented on a Hilbert space H observe that by (5.1. iii) the 
triple (idA,e n7 H) is a covariant representation of the conditional expectation £ n , according to Definition 
2.2.6 in [W]. It follows that there exists a ^representation p of K, n on TL such that p(ae n b) — ae n b, for all 
a,b E A. Since (j)°q maps ae n b to ae n b we see that (f>°q and p are each others inverse, hence proving (iii). 
This implies that q is injective on K. n and since q is obviously also surjective (i) is proven. Clearly (ii) follows 
from (i) and (iii). □ 
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The following elementary properties should also be noted: 
5.4. Proposition. Let n, m G N with n < m. Then 

(ii) JC n K. m JC m JC n fcrn: 

(iii) Denote by ip n : X n — > Y„ any one of tie isomorphisms in (5.3.i-iii). Then for every x n G -X"„ and 
one has that tp m (x n x m ) = ip n (%n)ipm(%m) and ^ m (x m x n ) 

Taking n = in (5. 4. iii), in which case /£„ = /C„ = K n = A, we see that all of the isomorphisms in 
(5.3.i— iii) are also A-bimodule maps. 



6. Higher Order Redundancies. 

We now wish to study a generalization of the notion of redundancy. For this we need the following fact for 
which we have found no reference in the literature. 

6.1. Lemma. Let B and J he closed *-subalgebras of some C*-algebra C such that JB = J. If x E J and 
xB <ZB then x G B. 

Proof. Viewing J as a right Banach i?-module we have by the Cohen-Hewitt factorization theorem [HR: 
32.22] that x = ya for some y G J and a G B. Choosing an approximate unit {ui}i for B we have that 

x = ya = lim yaui = lim xui G xB C B. □ 

i — >oo i — >oo 

6.2. Definition. Let n > 1 be an integer. A redundancy of order n, or an n-redundancy , is a finite sequence 
(do, ai, . . . , a n ) G n™=o ^ sucn that X)"=o aiX = 0> f° r au x G K-n- 

Up to a minus sign the above notion generalizes the notion of redundancy introduced in [E2] . In fact it 
is easy to see that the pair (a, k) is a redundancy according to [E2] if and only if (a, —k) is a 1-redundancy. 
We now come to a main technical result: 

6.3. Proposition. Let n > 1 and let (do, a\, . . . , a n ) be a redundancy of order n. Then Y^i=o l( a i) = 0- 

Proof. We proceed by induction observing that the case n = 1 follows easily from the observation already 
made that 1-redundancies are simply redundancies. So let n > 1 and let (a , a\, . . . , a n ) be an n-redundancy. 
Given b in A let a- = S*b*a,ibS for alii = 0, 1, . . . , n and observe that by (5.1.v) one has that 

n n n 

( atyfcn-i = S*b* ( a i) bSKn-! C S*6* ( ^ oi) bfc n S = {0}. 

j=0 j=0 i=0 

Since a = £(b*aob) G ^4, and G A^i-i for i > 1, by (5.1.iv), we have that (a + a^, a' 2 , ■ ■ ■ , a' n ) is a 
redundancy of order n — 1. So J27=o ?( a D = by induction. Equivalently 2~^™=o a i e Ker(q). Assume first 
that X)"=o ai IS positive. We then have that 

Kcr(q) 3 Ya' i = S*b*{j2a i yS = S*b*{j2a i ) (^Oj) &£. 

i=0 i=0 i=0 i=0 

It follows that ^X)"=o ai ) ^.S e Kcr(q) and hence also ^ J27=o a *) ^ e Ker(q). Multiplying this on the 
right by S n - 2 (S*) n - 1 c, for c G A, we see that 

n 

(y^ a »)^"-i c e Ker(q), V£>, c G A, 

i=0 
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and hence that ^ J2i=o a ij&n-i _i Kcr(q). For all y G q(lC n -i) = JC n -i it follows that 

n-l 

q(a n )y = -^2q(ai)y, (6.4) 

i=0 

from where we deduce that q(a n )JC n ^x C K n -\. By (6.1) with B = K n -\ and J = K, n we have that 
</(a n ) G /C„_i and hence there exists b n G JC n -i such that <?(&„) = q{a n ). Observe that for every x G /C„_i 
we then have 

n— 1 n— 1 

g(y^ a *' T + = X] i( a i)i( x ) + q( a n)q( x ) = o, 

i=0 i=0 

by (6.4). Observing that the term within the big parenthesis above lies in K n -\i we have by (5.3.i) that 

n-1 

^2 a; t x + b n x = 0, Vxe/C n _i, 

i=0 

and hence (a , ai, . . . , a„_ 2 , a„_i + &„) is a redundancy of order n — 1. Once again by the induction hypothesis 
it follows that 

n — 1 n 

o = ^2 <?( a «) + q( b n) = X! ?( a »)- 

Without assuming that J2i=o ai ^ e positive one can expand the expression ^ J2i=o a ij ( J2i=o a ij an d 
rearrange its terms in order to form a redundancy (bo, b\, . . . , b n ) such that 

n n ^ n 

i=0 i=0 i=0 

and the conclusion will follow easily. □ 
6.5. Theorem. The map <fi ■ A x Qj £ N — > ^ x^ N of (4. 11 J is an isomorphism. 

Proof. We begin by proving that </> is surjective. Since ^ is the identity on A and since <p(S n S* n ) = S n lS* n = 
(i n (l) = e„ we have that °l/ , which is generated by A U {e„: n G N}, is contained in the range of <j). On the 
other hand (/)(S) = S and ^ x^ N is generated by U {S}. So we see that <p is indeed surjective. 

Using the universal property of ^ x p N it is easy to see that there exists a circle action 7 on ^ x $ N 
such that 

%(S) = zS, and %(f) = f, V/G#, Vz G S* 1 . 

Since is clearly covariant with respect to 7 and 7, if we prove that 4> is injective on the fixed point subalgebra 
for 7, which we denote by F, then by [El : 2.9] we would have proven that <fi is injective. Recall from (3.5) 
that F = span{aS n S* n b : a, b G A, n G N}. If we further observe that S n S* n = q(S n S* n ) = q(e n ) = e„ we 
see that 



F=Y J K> n - 



In order to prove that <j) is injective it is thus enough to show it to be injective, and hence isometric, on each 
subalgebra of the form 



F n ^ ^ K^i j 



0<i<n 



for n G N. Applying [P: 1.5.8] repeatedly it is easy to see that ^2 0<i<n K-i is closed so that, in fact, 
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Let a G F n be such that <j)(a) = and write a — £™=o a i> w i tn a i ^ K-i- For every i = 0, . . . ,n choose 
bi G K-i with qipi) = di (such bi exists and is unique by (5.3.i)). We now claim that (bo,b\, . . . ,b n ) is a 
redundancy of order n. In fact, for every x G /C„ one has that 

n n 

<t>°<l(^2 b i x ) = ( t ) {^2 a i) ( l ) ( ( l( x )) = 4>{a)(t>{q{x)) = 0. 

i=0 i=0 

By (5.3.iii) we have that J27=o b i x = ^ hence proving our claim. Employing (6.3) we then conclude that 
a = £?=o =0- ^ □ 



7. A bit of cohomology. 

We will set this section aside to list certain elementary definitions and facts about an ingredient of cohomo- 
logical flavor which will be recurrent in our development. 

7.1. Definition. Given a G A and n G N we will let 

a [n] :=aa(a)---a n - 1 (a) 

with the convention that = 1. 
It is elementary to prove that: 

7.2. Proposition. For all a e A and n, m G N one has that a ["+ m l = aWa n (aM), 

Although 3f(A) is not necessarily invariant by a observe that given a, b G 2?{A) and n, to G N one has 
that a ra (a) and a m (b) commute. In fact, supposing without loss of generality that n < to, observe that 

a n (a)a m (b) = a n (aa m - n (b)) = a n (a m - n (b)a) = a m (b)a n (a). 

This shows that, when a G ^(A), the order of the factors in the definition of cJ n ' above is irrelevant. It 
is also easy to conclude that: 

7.3. Proposition. For all a, b G 2f(A) and n G N one has that 

(i) a N6N = ( a &)M, 

(ii) if a is invcrtiblc then (aW)" 1 = (a" 1 )!™!, 

(iii) if a is a self-adjoint and < a < c, where c G R, then < < c n . 

7.4. Definition. From now on we will denote by Ca (Tin) the commutant of lZ n in A, that is, the set of 
elements in A which commute with lZ n . 

Since the 7Z n are decreasing it is clear that the CU(7?.„) are increasing. Moreover, if a G 2f(A) it is 
clear that a k (a) G 2f(lZk) C (7^(7?.^). From this one immediately has: 

7.5. Proposition. For all a G 2f(A) and n>l one has that G CUC^n-i). 

In connection with our transfer operator C we will later need the following fact: 

7.6. Proposition. For every invertible element A G 3f(A), a e A, and n,m,p G N one has 

(i) A-[ m +P]a m £™(A[" +p ]a) = A-[ m U m £ n (A["]a), 

(ii) a m £"(aA[ n +P])A-[ m +PJ = a m C n {a\^)\-^ m \ 
where by A~[ m l we mean (A -1 )' 7 ™!. 

Proof. Observing that for all x, y G A we have 

or^oP^y) = a m (xC n {y)) = a m (x)a m £ n (y), 
and using (7.2) to compute A~[" l+p ] and A~[™ +p l we have 

X-[m+p] a m C n^ x [n+ P ] a ^ = a m (X'^)a m C n (X^ a n (X^)a) = X~^ a m C n (A [n] a) . 
This proves (i) and the proof of (ii) is similar. □ 
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8. Finite Index automorphisms. 

Given a C*-algebra B and a closed *-subalgebra C recall from [W: 1.2.2 and 2.1.6] that a conditional 
expectation E : B — > C is said to be of index-finite type if there exists a quasi-basis for E, i.e. a finite 
sequence {u\, . . . , u m } C B such that 

m 

a = ^UiE(u*a), VoeB. 
i=i 

In this case one defines the index of £ by 

m 

ind(E) = ^2uiU*. 

i=l 

It is well known that ind(E) does not depend on the choice of the u^'s, that it belongs to the center of B 
[W: 1.2.8] and is invertible [W: 2.3.1]. 

8.1. Definition. We shall say that a pair (a,E) is a finite index endomorphism of the C*-algebra A if a 
is a *-endomorphism of A and E is a conditional expectation of index-finite type from A to the range of a. 

Throughout this section we will fix a finite index endomorphism (a, E) and a quasi-basis {ui, . . . , u m } 
for E. As before we will let C be the transfer operator given by C — a^ 1 ° E. 

m 

8.2. Proposition. For every n £TN one has that e n = '^^a n (u i )e n+1 a n (u*). 
Proof. Observe that for all a e A C Mi one has that 

^ Ujeiu*(a) = ^2 UiE(u*a) = a, 

so that 1 = Y^iLi u i^i u h hence proving the statement for n — 0. Assuming that n > 1 apply the endomor- 
phism f3 of (4.10) to both sides of the expression e n -i = S"=i ot" 11 ^ 1 (u i )e n a n ^ 1 (u*) to conclude that 

m 

in =/9(e„-i) =^/3(a"- 1 K))e n+1 /3(a"- 1 «)) = 

i=l 

m m 

= ^ a™(u;)eie n+ ieia! n (<) = ^ a' 1 ()i ! )e n+1 a n «). □ 
i=i »=i 
As a consequence we have: 

8.3. Proposition. For every n £ N one iias that /C„ C /C„ + i. 
Proof. Given a, b G A observe that by (8.2) one has that 

m 

ae n b = y^a a n (ui)e n+1 a n (u*) b, 
i=i 

and hence Ae n A C Ae n+ \A. The conclusion then follows from (5.2.iii). □ 

It is our next major goal to define a conditional expectation G : A y> a ,c IN —> A. In order to do this we 
will first define conditional expectations G n : fC n — > A. Considering that any such conditional expectation 
is an A-bimodule map we will begin with a brief study of A-bimodule maps. So let / : K. n — > A be any 
A-bimodule map. Observing that e n commutes with lZ n by (4.9.ii) notice that for all x G TZ n we have that 

xf{e n ) = f{xe n ) = f(e n x) = f(e n )x, 

so f(e n ) £ CA(Kn)- 
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8.4. Proposition. For every X £ Ca{T^u) there is one and only one A-bimodule map f : K n — > A such 
that 

f(ae n b) — aXb 1 Va,b£A. 
If A > then f is a positive map and vice-versa. 

Proof. Recall from [W: 2.2.2] that K, n , being the C*-basic construction relative to the conditional expectation 
£ n : A — > 1Z n , is isomorphic to the algebraic tensor product (no completion) A ®K n A under the map 

ip : a®b £ A ®n n A i — ► ae n b £ K n . 

Given A £ CU(7£„) we have that the map 

(a,b) £ Ax A^ aXb £ A 

is 7?.„-balanced, which in turn defines a linear map / : A ®n n A — ► A such that f(a <£) b) — aXb, for all 
a and b in A. Composing this with the inverse of the isomorphism ip defined above yields a linear map 
/ : /C„ — > A such that f(ae n b) = aXb. It is now easy to see that / is an A-bimodule map and that it is 
uniquely determined in terms of A. 

If / is positive it is clear that A = /(e„) > 0. Conversely suppose that A > 0. Given x £ K n of the form 
x = J27Li a-i&nbi notice that 

m m 

x*x= K^ndiajenhj = ^ b i £ n{ata,j)e n bj, 

by (4.9.ii). Since conditional expectations are completely positive by [T: IV. 3. 4], we have that {£ n (a*dj)}ij 
is a positive matrix and hence there exists an m x m matrix c = {cij}ij over lZ n such that 

m 

£ n {a*aj) = ^c* u c kj , = l,...,m. 

k=l 

Therefore 

m m 

x*x= ^2 b*c* ki e n c k jbj = Y2 / d* k e n d k , 

ij,k=l k—1 

where d k = Y^j=i c kjbj- If follows that 

m 

f(x*x) = J2d* k Xd k >0. □ 
fe=i 

As mentioned above ind(E) £ 3f(A) so we have by (7.5) that 

/„:= (ind(E)) H £C A (1l n - 1 )CC A (1l n ), Vn > 1. (8.5) 
8.6. Proposition. For each n £ N let G n : ft n — > A be the unique A-bimodule map such that 

G n (ae n b) = al^b, Va,b£A, 

given by (8.4). Then for every n £ N one has that G n is a positive contractive conditional expectation from 
/C„ to A. Moreover the restriction of G n +i to K n coincides with G n . 
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Proof. By (8.2) we have that 

m m 

G„+i(e„) = G„ +1 (^a"K)e„+i«"«)) = £ «"("i)^i« n («i) = "■ 

i=l i=l 

Observing that 7„ + i G Ga(7\L„) by (8.5) we see that the above equals 

m 

■ ■ ■ = 5> n («iK(«i) J n+i = ^(ind^))!"^ = J" 1 = G„(e„). 
i=i 

This proves that G„ + i(e„) = G n (e n ) from where one easily deduces that G n +i\jQ n = G n . It follows that each 
G n coincides with Go on K. . In other words G n is the identity on A and, being an A-bimodule map, we see 
that it is in fact a conditional expectation onto A. Since I n is positive by (7.3. iii) we have by (8.4) that G n 
is a positive map. To conclude observe that a positive conditional expectation is always contractive. □ 

8.7. Remark. We should remark that G\ is precisely the dual conditional expectation defined in [W: 
2.3.2]. For n > 2, even though each £ n is a conditional expectation of index-finite type and K n is the C*- 
basic construction relative to £ n , G n may not be the dual conditional expectation if A is non-commutative. 
This is due to the fact that ind(£ n ) may differ from I n . See also [W: 1.7.1]. 

Proposition (8.6) says that the G n are compatible with each other and hence may be put together in 
the following way: 

8.8. Proposition. There exists a conditional expectation F : — > A such that 

F(ae n b) = al~ 1 b, Va,beA, Vn G N. 
If A is commutative there is no other conditional expectation from % to A. 

Proof. From (4. 9. iii) it follows that <$/ = X„ 6N Ae n A = XneN but since the K n are increasing by (8.3), 
we see that % is in fact the inductive limit of the K, n . The existence of F then follows easily from (8.6). 

Since K n is the C*-basic construction relative to £ n it follows from [W: 1.6.4] that there exists a unique 
conditional expectation from JC n to A, under the hypothesis that A is commutative. Therefore any condi- 
tional expectation F' from to A must coincide with G„ on each K n and hence F' = F. □ 

We now come to one of our main results: 

8.9. Theorem. Let A be a unital C*-algebra and let (a, E) be a finite index endomorphism of A such that 
a is infective and preserves the unit. Then there exists a conditional expectation G : 4» tt; /:N — > A such 
that 

G(aS n S* m b) = 5 nm aI-\ Ma, b e A, Vn, m e N, 

where S is the Kronecker symbol. If A is commutative any conditional expectation from A x ai £N to A 
which is invariant under the scalar gauge action 7 (see (3.3)) coincides with G. 

Proof. Identifying A x a> £N and ^ x^N via the isomorphism (f> of (6.5) it is enough to prove the corre- 
sponding result for ^ »(jN, with S replacing S, and the action 7 described in the proof of (6.5) replacing 
7. Consider the operator Pon# x^N given by 

P(o}= %(a)dz, Vae^xi^N. 
Js 1 

As mentioned in the proof of (3.4) P is a conditional expectation onto the fixed point algebra for 7. Consid- 
ering that a i/ y\p N is the closed linear span of the set {aS n S* m b : a,b G A, n,m G N} one may use (3.4) in 
order to prove that the fixed point algebra for 7 coincides with . The composition G := F ° P is therefore 
the conditional expectation sought. Now suppose that A is commutative and let G' be any conditional 
expectation from x^N to A. By (8.8) we have that G'|^ = F. If G' is moreover invariant under 7 we 

have for all a G a i/ x p N that 

G'(a)=G'(J %(o)dz) =G'{P(a))=F(P(a)) = G(a). □ 
As an immediate consequence we have: 
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8.10. Corollary. There exists a conditional expectation G : &{A,a,C) — > A such that 

G(aS n S* m b) = 6 nm aI- 1 b, Va,beA, Vn,mGN. 

Proof. It is enough to put G = G ° g. □ 



9. KMS states. 

Throughout this section and until further notice we will assume the following: 

9.1. Standing Hypotheses. 

(i) A is a unital C*-algebra, 

(ii) a is an injective endomorphism of A such that a(l) = 1, 
(hi) E is a conditional expectation from A to the range of a, 

(iv) E is of index-hnite type, 

(v) C is the transfer operator given by C — oT 1 ° E, 

(vi) h is a fixed self-adjoint clement in the center of A such that h > cl for some real number c > (later 
we will actually require that c > 1), 

(vii) <t and <r will denote the gauge actions referred to in (3.2) as a h and cr h , respectively. 

The purpose of this section will be to study the KMS states on &(A, a, C) and A xi a ,c N relative to a 
and a. Whenever we say that a state is a KMS state on &(A, a, C) (resp. A x Qi £ N) it will be with respect 
to a (rcsp. a). 

Observe that the canonical quotient map q from £?(A, a, £) to Axi^^N is covariant for a and a. 
Therefore any KMS state ip on A x Q ,£N yields the KMS state ^^q on ^"(A, a, £). Conversely, any KMS 
state on £?(A, a, C) which vanish on Ker(q) gives a KMS state on A » a .c N by passage to the quotient. 

Observe that the element S G A xi a .c N is analytic for the gauge action and that 

o- z (S) = h iz S, VzeC. 

We then have for every n G N that 

^(5*™) = (^ z 5) • • • (h lz S) = h lz a(h lz ) ■ ■ ■ a n - 1 (h i ')S n = h lz ^S n , 

v ' 

n times 

where by ti z ^ we of course mean (h lz ) [n] . Since a t (S*) = S*h,- lt , for t G R, we have that a z (S*) = S*h,- tz , 
for z G <D, so that for m G N 

a z {S m ) = (S*h- lz ) ■ ■ ■ (S*h- lz ) = S* m a Tn - 1 (ft iz ) • • • = S""»/r«M. 

V v ' 

m times 

It is therefore clear that any element of the form aS n S* m b, with a, b G A, is analytic and that 

a z (aS n S* m b) = ah tz ^S n S* m h~ tz ^b, VzeC. 

Obviously the same holds for a and S. 

Our next goal will be the characterization of the states <f> of A such that the composition (f> ° G is a KMS 
state on ^4 x Qj £ N (and hence 0° G° q is a KMS state on &(A, a, £)). 
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9.2. Proposition. Let <j> be a state on A and let (3 > be a real number. Then the state ip on A y\ a .c N 
given by ip — 4> ° G is a KMSp state if and only if <fi is a trace and 

4>{a) = <f>{£(Aa)) 

for all a e A, where A = h~^ind(E). 

Proof. Suppose that is a trace satisfying the condition in the statement. In view of (2.3), in order to prove 
ip to be a KMS/3 state it is enough to show that 

ip(xo- i0 (y)) = tp(yx) (9.3) 

whenever x and y have the form x = aS n S* m b and y = cS : >S* k d, where n, m,j, k £ N and a, b,c,d £ A. We 
have 

xa t p(y) = aS n S* m b a^cS 1 S* k d) = aS n S* m bch- /3[l] S j S* k h m d = 

= aa n C m (bch-^)S n - rn+: > S* k h^d, 

by (2.2) as long as we assume that to < j. We therefore see that G(xaifj(y)) — if n — to + j — k ^ 0. Under 
the latter condition it is also easy to see that G{yx) = 0, in which case (9.3) is verified. We thus assume 
that n — m+j — k = 0. Setting p = j — m we have that j = m+p and k = n + p. So 

ip{xo lfj (y)) = <j, a G(aa n C m {bch-^ m+ ^)S n+p S* {n+p) h^ n+ ^d) = 

= (f)(aa n C m (bch-^ m+ ^)I-l p h^ n+p k) = <f>(a n £ m (u)v), 
where u := bchr^+d and v := I-l p h^ n+p ^da. On the other hand, 

i)(yx) = i;(cS m+p S* {n+p) daS n S* rn b) (2 = ] <j)oG(cS rn+p S* {m+p) a m £ n (da)b) = <j){cl m \ p a m £ n (da)b) = 

= <j}(uh^ m+p h m 1 +p a m C n (h'^ n+p h n+p v)) = <j)(uA-^ n+p ^a m C n (A [n+p] v)) (7 = l) <j)(uA-^ a m £ n (A^v)) . 
We thus see that (9.3) holds under the present hypotheses that to < j, if and only if 

<f>(a n £ m (u)v) = <jy(uA-^a m C n (A^v)), Vu,v£A, Vn,meN. (t) 

Consider the linear maps a,£ : A — > A given respectively by a(a) = A~ 1 a(a), and £(a) = £(Aa), for all 
a £ A. It is then easy to see that a m {a) = A~^a m (a), and that £ n (a) = £ n (A^a). The equation in (f) is 
then expressed as 

<jy(a n £ m (u)v) = <j)(ua m C n {v)). (X) 
Observe that by hypotheses we have for all a,b £ A that 

<p(a(a)b) = <P(£(Aa(a)b)) = (j>(a£(Ab)) = <p(a£(b)), 

and 

4>(£{a)b) = <j)(£{aa{b))) = ^(AA' 1 aa(b))) = 0(A _1 aa(&)) = (f>(aa(b)). 

This may be interpreted as saying that with respect to the inner-product {a, b) = 4>{a*b) one has that the 
adjoint of a is £ and the adjoint of £ is a. It is now evident that (f) holds, hence completing the proof of 
(9.3) in the case that to < j. 

When to > j it is also true that both sides of (9.3) vanish unless n — m + j — k = 0. In this case, letting 
p = to — j, we have that to = j + p and n = k + p, so that 

^(xa i0 (y)) =Tp(aS k+p S* { J +p) bch- f ^S 3 S* k h^d) ( = } » G{aS k+p S* {k+p) a k & {bch-^)h f ^d) = 
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= 4>{al-l p a k a{bch-^)h f3 ^d) = (j){a k C? \u)v) 
where u —: bch~^ and v —: h^dal^ p . On the other hand 

iP{yx) = ^(cS 3 S* k daS k+p S* ij+p) b) ^ 0oG(ca 3 £ k (da)S 3+p S* U+p) b) = <f>{co? C k (da)I^ p b) = 

= ^C k (h-^vI k+p )I^ pU h^) (7 =" } <t>(cjC k (h-PWvI k )If 1 uhM) = <j>(&C k {v)u), 

where a and C are defined respectively by a(a) = h /3 a(a) ind(E)^ 1 and C{a) = L(hr^a ind(E)). However, 
since both ind(E) and h belong to the center of A we have that a = a and C = £, so that under the 
hypotheses that m > j we see that (9.3) is equivalent to 

(f>(a k \u)v) = (f)(u& 3 £. k (v)), 

which follows as above. 

Conversely, supposing that tp is a KMS^ state on A >i Q ,£ N we have that (9.3) holds for all analytic 
elements x and y. Given a, b E A plug x = a and y = b in (9.3) to conclude that <fi(ab) = <j){ba) so that <fi 
must be a trace on A. On the other hand, plugging x — S* and y = a ind(E)S in (9.3) gives 

<j>(C(a ind(E)h- f3 )) = <j>(a), 

hence completing the proof. □ 

The KMS states provided by the above result necessarily vanish on elements of the form aS n S* m b with 
n ^ m since so does G. We shall see next that this is necessarily the case for all KMS states when h > cl 
for some real number c > 1 (as opposed to c > which we have been assuming so far). We will in fact 
prove a slightly stronger result by considering KMS states on 3~{A, a, £), which include the KMS states on 
A >t a ,c N as already mentioned. 

9.4. Proposition. Suppose that h > cl for some real number c > 1 and let tp be a KMSp state on 
^(A,a,C), where (3 > 0. Then for every a,b <E A and every n,m £ N with n ^ m one has that 
ip{aS n S* m b) = 0. 

Proof. Taking adjoints we may assume that n > m. So write n = m + p with p > 0. We have 
iP(aS n S* m b) = ii(aS m S p S* m b) = ^(S p S* m ba lf3 (aS m )) = ^{S p S* m bah- p[m] S m ) = 

= il>(S p C m {bah- f3 ^)) = iP{a p C m {bah- (3 ^)S p ). 
So it suffices to prove that ip(aS p ) = for all a 6 A and p > 0. In order to accomplish this notice that 
4>{aS p ) = V(£ P <Ma)) = ^(S p a) = ^(aa lf) (S p )) = ^{ah-^S p ), 

so that 

V>(afcS* p ) = 0, Vaei, (t) 

where k = 1 - h~^. Since h > c we have that h~ < c"' 3 and hence h~ ^ < c~ Pp by (7.3.iii). This implies 
that k > 1 — c _,3p > and hence that k is invertiblc. The conclusion then follows upon replacing a with 
ak^ 1 in (t). □ 

Observe that we haven't used that E is of index-finite type in the above proof. Also notice that it follows 
from the above result that any KMSp state on A xi a x N must vanish on elements of the form aS n S* m b with 
n ^ m. 

We would now like to address the question of whether all KMS state on A ~A a ,c N are given by (9.2). 
Should there exist more than one conditional expectation from A x a .£ N to A it would probably be unrea- 
sonable to expect this to be true. In view of (8.8) and (8.9) one is led to believe that the question posed 
above is easier to be dealt with under the hypothesis that A is commutative. 

After having proved the result below for commutative algebras I noticed that the commutativity hy- 
pothesis was used only very slightly and could be replaced by the weaker requirement that E(ab) = E(ba) 
for all a, b e A. In the hope that a relevant example might be found under this circumstances we will restrict 
ourselves to this weaker hypothesis whenever possible. 
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9.5. Proposition. Suppose that h > cl for some real number c > 1 and let ip be a KMSp state on A x Qi £ N, 
where (3 > 0. Suppose moreover that E(ab) — E(ba) for all a,b G A (e.g. when A is commutative). Then 
ip = ip ° G. Therefore ip is given as in (9.2) for <p = iP\a- 

Proof. We shall prove the equivalent statement that all KMS^) states ip on 3~(A, a, £) which vanish on 
Kcr(q) satisfy ip = ip ° G. 

Let (ui, ... , u m ) be a quasi-basis for E as in the beginning of section (8). Setting k — Y^jLi u 3 SS*u* 
observe that for all b G A one has 

m m m m 

kbS = u 3 SS*u*bS = Y UjSC(u*b) = ^ u 3 a(£(u*b))S = ^ u 3 E(u*b)S = bS, 
3=1 i=i i=i j=i 

showing that the pair (1, k) is a redundancy. It follows that 1 — k 6 Kcr(q) and hence for all a G A 

mm m 

ip(a) = ip(ak) = ip(^2au 3 SS*u*^ = ^2iP{S*u*& t p(au 3 S)) = ^2iP(S*u*au 3 h-f 3 S) = 

3=1 3 = 1 3 = 1 

m m 

= J2tp(£{u*au 3 h- f3 j) = J2ip{£(ah-f 3 u j u*)) = ip(£(ah- fj ind(E))) = ip(£(aA)), 

3=1 3=1 

where, as before, A = h^ l3 ind(E). Replacing a by aA" 1 above leads to ip(£(a)) = ^>(A _1 a). It is then easy 
to prove by induction that 

v>(£») = m~ ln] a), 

for all a G A and n G N. Given n, m G N and a, b G A we claim that 

iP(aS n S* m b) = iP(G{aS n S* m b)). 

Observe that the case in which n ^ m follows immediately from (9.4). So we assume that n = m. We then 
have that 

iP(aS n S* n b) = iP(S* n ba lf3 (aS n )) = iP(S* n bah-^S n ) = iP(£ n (bah-^)) = 

= iP(K-^bah-^) =) iP(ah-^A-^b) = ip(a md(E)~^b) = iP(G(aS n S* n b)), 

where we have used in (★) the fact that the restriction of a KMS state to the algebra of fixed points is a 
trace. This proves our claim and the result follows from (2.3). □ 

Summarizing we have: 

9.6. Theorem. Let a be an injective endomorphism of a unital C*-algcbra A with a(l) = 1. Let E be 
a conditional expectation of index-hnite type from A onto the range of a such that E(ab) = E(ba) for all 
a,b G A (e.g. when A is commutative). Let £ = aT x oE be the corresponding transfer operator. Given a 
self-adjoint element h G 2f(A) with h > cl for some real number c > 1, consider the unique one-parameter 
automorphism group a of A xi a £ N given for t G R by o- t (S) = h lt S and a t (a) = a for all a G A. Then, for 
all (3 > the correspondence 

1p\-Kf> = 1p\ A 

is a bijection from the set of KMSp states ip on A x\ a ,c IN and the set of states (p on A such that (p(a) = 
</>(£(Aa)) for all a G A, where A = h~Pind(E). The inverse of the above correspondence is given by 
(p i— > ip = (p o G, where G is the conditional expectation given in (8.9). 
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10. Ground states. 

In this section we retain the standing assumptions made in (9.1) but we will drop (9.1.iv) at a certain point 
below. Our goal is to treat the case of ground states on A xi Qi ,cN for the gauge action a h . Recall that a 
state ip ° n A xi a .c N is a ground state if 

sup \ip(x<r z (y))\ < oo 

lmz>0 

for every analytic elements x,y £ A xi ai £ N. Let (u±, . . . , u m ) be a quasi-basis for E as in the beginning of 
section (8). As seen in the proof of (9.5) the pair (1, k) is a redundancy, where k — Y^jLi UjSS*u*. Therefore 
one has that 

m 

l = Y,UjSS*u* 

3 = 1 

in A x a ,£ N. Assuming that ip is a ground state on A x Qj £ N one has that the following is bounded for z in 
the upper half plane: 

m m 

^(u3Sa z (S*u*)) =Y,i>(V j SS*h- iz u*) = ^(h~ iz ), 

3 = 1 3 = 1 

say by a constant K > 0. With z = i(3 we conclude that ip(h^) < K for all [3 > 0. Suppose that h > cl for 
some real number c > 1 as before. Then > c 13 and 

K > ip(h ) > d 3 . 

Observing that the term in right hand side above converges to infinity as [3 — > oo we arrive at a contradiction 
thus proving: 

10.1. Proposition. Suppose that E is of index-finite type and that h > cl for some real number c > 1. 
Then there are no ground states on A y> a ,c N. 

In the remainder of this section we will discuss the ground states on £?{A, a, £,). Our results in this 
direction will no longer depend on the fact that E is of index-finite type. 

10.2. Proposition. Suppose that h > cl for some real number c > 1. Then a state ip on &(A, a, C) is a 
ground state if and only if ip vanishes on any element of the form aS n S* m b if (n, m) ^ (0, 0). 

Proof. Let a, b 6 A and n, m £ N with (n, m) ^ (0, 0) and let ip be a ground state on &(A, a, C). By taking 
adjoints it suffices to prove the result in the case that m ^ 0. Letting x = aS n and y = S* m b we have that 

iP{x6- z {y))=iP(aS n S* m h- lz ^b) (t) 

is bounded as a function of z on the upper half plane. For z = x + iy we have 

11^11 = 11^11 = ||^||. 

If z is in the lower half plane, that is if y < 0, then since h > cl we have that h y < c y < 1 so that (f) is 
actually bounded everywhere. By Liouville's Theorem (|) is constant and that constant must be zero since 
zero is the limit of (f) as z tends to infinity over the negative imaginary axis. Plugging z = in (f) gives 
the desired conclusion. We leave the proof of the converse statement to the reader. □ 

We now need some insight on the structure of the fixed-point algebra for the scalar gauge action 7 on 
&(A,a,C)- 

10.3. Proposition. Let % be the subalgebra of 2? (A, a, C) consisting of the Exed-points for j . Then there 
exists a *-homomorphism it : °i/ — > A such that w(a) = a, for all a £ A, and n(S n S* n ) = 0, for all n > 0. 
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Proof. Consider the representation p : £T(A,a,C) — > Jzf(Moo) described in the proof of [E2: Theorem 3.4]. 
It is easy to see that p maps % into the set of diagonal operators with respect to the decomposition 
-Woo = ©^Lo Mc™- Therefore, letting e be the projection onto M^o, we have that the map 

7T : x G # i — > ep(x)e G -Sf(M £ o) 

is a *-homomorphism. It is evident that it maps each a G A to the same a in the canonical copy of A within 
j£f(M ) while n(S n S* n ) = for all n > 0. □ 

10.4. Proposition. Suppose that h > cl for some real number c > 1. Then (regardless of E being of 
index-finite type or not) the ground states on &(A, a, C) are precisely the states of the form <p ° it <= P where 
P is the conditional expectation onto % given by 

P(x) = %{x)dz, Vx £ ST(A,a,£). 
Js 1 

and 4> is any state whatsoever on A. 

Proof. Let ip be a ground state on A. Then as a special case of (10.2) we see that ip vanishes on aS n S* m b 
whenever n ^ m. By checking first on the generators of 3T(A,a,C) provided by (2.3) it is easy to see that 
ip = ip o P. Letting \ denote the restriction of ip to ^ we then evidently have that tp — x°P- 

Let now <j> be the restriction of x (and hence also of ip) to A. Then one may prove that \ — <P ° ^ by 
checking on the generators of % given by (3.5). Soip = x°P = <P° 7T <>P&s desired. 

Conversely, given any state <f> on A it is easy to see that ip — <p> ° ir ° P is a ground state by (10.2). □ 

11. The commutative case. 

Let us now discuss the case of a commutative A. Rather than employ Gelfand's Theorem and view A as 
the algebra of continuous functions on its spectrum we will let A be any closed unital *-subalgebra of the 
C*-algebra B(X) of all bounded functions on a set X (with the sup norm). Examples are: 

(i) if X is a measure space take A to be the set of all bounded measurable functions on X , 

(ii) if X is a topological space choose a subset {x\, x 2l ■ ■ .} C X and let A be the set of all bounded functions 
which are continuous at all points of X except, perhaps, at the points of the set above. 

Let us also fix a surjective mapping 

: X X 

such that / o £ A for all / £ A. Clearly one gets a unital *-monomorphism a : A — > A by letting 

a(f) = f°0, V/GA 

Assume that there exists a finite subset {v\, . . . ,v m } Ci such that for alH = 1, . . . ,ra: 

(i) 9 is injective when restricted to the set {x £ X : Vi(x) ^ 0}, 

(ii) Vi > 0, 

(iii) T,T=i v i = L 

For each x G X define 

N(x) = 4f\t G X : 6(t) = x} 

and observe that the existence of the v^s above implies that N(x) < m. For f £ A consider the function 
T(/) on X given by 

ni)\ x - E /(*)■ 

tex 

9(t)=x 
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If we assume that T(f) 6 A for all f £ A and moreover that N, seen as a bounded function on X, belongs to 
A then the operator C : A — > v4 given by £(/) = N~ 1 T(f) is a transfer operator. In addition the composition 
-E = a o C is a conditional expectation from A to the range of a, which may be expressed as 

v ' tex 

6{t)=6(x) 

where fj, = N °6. Setting m = (/iVi) 1 ^ 2 observe that for all f £ A and x £ X one has that 

rn m ^ m ^ m 

=y]^( a; )-rT X! (*)/(*) =y]«<( a! )-7^T ti t( a: )/( a; ) =y]^( a; )/( :c ) =/(«)• 

1=1 i=l r v 7 tgx i=l r v ' i=l 

e(t)=e(x) 

Therefore {ui, . . . , w m } is a quasi-basis for _E, which says that E is of index-finite type, and 



id(£) = x>? = x; 



Fix a positive element h £ A with h > cl for some real number c > 1 and consider the gauge action u h on 
A. By (9.6) we have that the KMS/3 states on A >\ a ,c IN for the gauge action a h correspond to the states <j> 
on A such that 

<X/) = 4>(£(h-Pmd(E)f)) (t) 
for all f £ A. In the present context we have that 

C{h-Hnd{E)f)\ x = 1 ^- h(t)-^(t)f(t)= J2 h(ty P f(t). 

tex tex 

6{t)=x 9(t)=x 

The operator / i— > C(h~^ind(E)f) therefore coincides with the operator L h -p introduced by Ruelle in [Rl], 
IH21. 
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